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nd the optimum school or district size. The first theory holds that
penditures per student decreasc as the size of the school
creases. The second theory maintains that the rirst is true only to
certain enrcllment level at which point the greater complexity cf
e schcol increases expernditures per student. Using sanples of 100
ementary, 100 secondary, and 100 unit districts from Illinois,
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1rect. Tane optinmum district size in terms of per student operating
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PREVIONN RECEARCH

Cne of the oldest wpproact

7 to obteining efficiency in the public
schools has been the quest {or on "optiraun” school size.  Unfortunately
this "optimum"” has heen almozt an crnsive 10 researchers os the Holy
Grail was to King Arthne's nights,  The problens, as fiickey (1963) has
recantly pointed cut, is that we don't ask the right quections, At the out-

'

set we should determine whether this "optinuum’ size is belng sought relative
Lo (a) output, or to (b) costs, or to {¢) educationnl services provided, We
also need to determine just wnut units of analysic ve are talikdng about, i.e.,
school districts versus Individual high schools, or junior higa € thoele, or
elementary <chools. The right quegtion, it wonld seern:, 1s to aux wnat the
voptimiurn' size is relative to nll three mrinbles shnultzncouely, or at least
for two of themn, that ig, coot and oulput. Ve basten to informmn the reader
that we have not ack tint guestion nnd hence st join A number of other
studies in the purgatory of partial analysis.

No small part of this “coptizmn © slse puzsle lies In determining the
“true” shape of the hincetion of vive relrtive to ontputs, covts, und services
provided. If all tnhere finetions tuened oat to ne linear it wonld ne helpful
since linear prograrming tecnniones coulid then ne wtilized to nehieve o solution
subject to several const airta, Por educationt] servicer provided there would
seem to be no great n.ystery. An abundance of recenren indicates that the

e

function ig, inde=d, linocar, That io, =mall schools provide less cervices
’ ) i

and larger schoole provide rore vervices (Melure, 001 Bonson, 1204
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Thomas, 1868; Kiesling, 12¢3). We also know that the increased diversifi-
cation of services in the larger =chools results in higher costs (Rowser, 1869).
Once that safe harbour is left behind, however, the sea gels much rougher and
the linear assumpticn sppears much more in doubt,

The size-ocutput relationshiv is particularly perplexing. For California
elementary schools in metropelitan areas Alkin and Renszon (18863) could find

110 increase in mathematics and ve~iing achicr=ment associated with increase

gize after the socio-economic backeore v nonie ond the expenditure per
ripil had been allowed to ouers ~ ¢ DT sBvswas nob statictienlly

significant the Invecitigztors du not try to cvetorir s b “haps of the size-
output function. Kiesling (1863) dia explore the trape of e i c-ouip e
function using high school data from the Project Talent survey, Tos eroral
outputs the shape of the funciion is that of a parabolic arc with 2 positive finegr
component and a negative ausndradl: cormponent. The "optimvm™ high school
size relative to several achievement tests {alls in the 1200 to 1600 ADA range,
However, this U shaped curve iz present only in the gross relationship between
size and the output varisbles. Vihen the socic-econcrnic backyground of the
students and the expenditure per pnpil are allowed to opernte the shapa of the
function changes and it then becornes lineny and negative,  That 15, larger
schools are associated with lower achieveinent test cores, Given these

resulte we would have to concir with Jomes and Levin (1970) that it is not

very meaningful to talk nbout eronomies smd diseconouicr of reale with reaard
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to outrut; at least not until we have more information on the shape of the
function.

Researching the cost-size relationship is an old activity for students
of educational administration. A review of the secondary literature will show
that there have been many such studies conducted (Cooper and Dawson, 1900;
Stephen and Spies, 133"7; Tames, 1968). A great many of these studies have
reported that the cost-gize relationship is not linear. Specifically they have
reported that high per pupil costs are usually associated with both small
schools and very large ones, with minimal costs for those in between, This
is in keeping with economic theories of the firm where one expects to find
botin "economies and diseconomies of scale”. That is, unit cost is usually
higher for a srall unit of output, but as the unit of output is increased unit
cost per unit output decreases. However, ns the unit of output is increased
a point is reached where unit costs start to climb. Several reasons are ad-
vanced for this in the aconomic literature but they tend to boll down to
{a) the indivisibility of some factors of production and (b) greater productivity
resulting from 2 areater division of 1abor and specialization. Diseconomies
are oftéh associnted with the costs of coordinating and managing the larger
production processes,

As might be expected with ¢o many cost-size studies being conducted,
the research designs, units of rnalysis, nnd statictical cophictication of the
investigators varies greatly. Even among the better studies there are preb-

lems, For example, some studies have shnply astuned the existence of »
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parabolic arc which is negative in the linear and positive in the quadratic
(Hirsch, 1930; Riew, 1938). In these studies no attempt was made to
statistically test the extent of departure from linearity. One study (Hanson,
1863) used a residual approach, that is, the residuals from e prier cost
function in which the size variable had been deliberately excluded were nsed.
The concept of economy of scale is fully supported in the lanzon study but
the notion of diseconomiies received less support. In three of the studies
(Hirsch, 1260; Riew, 1980; Cohn, 1983) an atternpt was made to control for
quality of services provided. In the Riew study this was done by including
such itemns as number of credit units offered, and the average number of
courses taught per teacher within the general cost model. In Cohn's investi-
gation this was achieved by such variables as average number of college
semester hours per teaching acsignment, and average number of differcnt
subjsct matter assignments per high school teacher being included in the
cost model. Cost-size studies which attempt, no matter how crudely, to
controt for quality of services provided must be considered superior to those
studies that do not control on this variable. This is the most important and
serious reservation the researchers have about the findings reperted in this
paper. The cost-cize relationship was explored without controls established
for levels of services provided. However, unlike previous studies, the
departure from linearity of the cost-size function was tested ctatistically

rather than simply asswned to exist,



Two studies (Riew, 1966; Cohn, 1968) applied the differential calculus
to the parabolic function to determine the minimum cost position. This
resulted in very similar findings, Riew found optimum high schocl size
relative to cost in Wisconsin to be 16756 ADA in the 1260-61 school year
and Cohn found the optimum size of Iowa high schools to be 1500 ADA in
the 1962-63 school year. Recalling the Kiesling optimum for achievement
scores the 15600 ADA figure may well prove to be optimal on several criteria,
The study reported here also uses the differential calculus to determine

optimum size relative to cost.



THE BASIC QUESTIONS OF THE STUDY

Within the framework of this size-cost relationship four basic
questions were asked:

1. At what size range are school districts in Illinois
itoo small" in terms of the "economy end diseconomy"
concept?

2. Are there "large" school districts in Nlinois tha! are
in the "disecornomy" range?

3. What is the optimum size for school districts in Iilinois,
if indeed ihere is such an optimum size?

4, On the basis of the three types of school districts, will
it be more economical to operate a unit district than
to operate separate elementary and secondary school

districts of comparable size to the unit district?

THE RESEARCH VARIABLES

The two basic variables used in the study were district size in
terms of average daily attendance (ADA) and school expenditures. The
school expenditures are the observed current expenditures per pupil in
ADA in the district. In Illinois these expenditures are reported in what

is called the "educational fund". Capital expenditure was not ircluded.



Three forms of this cost variable were analyzed for their relationship with -
the district size,
1. The gross form. This is the actual observed expenditures
per pupil without eliminating or nolding constant any factor(s)
that may influence cost in the district.
2. The residuzal form. This is the difference between the observed
expenditures of the district and the expenditure level based
on a linear and/or curvilinear relationship with the district's
wealth in terms of assessed properiy valuation.
3. The administrative cost per pupil. This is a part of tne
current operating expenditures that pertains to administration.
These three forms of cost served as the dependent variables while
the district size served as the independent variable. In the statistical
treatment the rariables were analyzed separately for the three types of
school districts. This was a cross-sectional analysis and the individual

school district was the basic unit upon which the data were collected.

THE SAMPLES

The samples for this study were drawn from public school districts
in the State of Illinois, with the exclusion of the school district in the City
of Chicago. For each type of district--elementary, secondary, unit--

100 schools were selected to form the samples. 100 eletnentary districts



oifering K-8 grades, 100 secondary districts offering 9-12 grades, and
100 unit disiricts offering K-12 grades. Since in this study a satisfactory
representation of the variation of the district size is necessary, the pro-
portional stratified sampling technique was employed. The 100 school
districts for each type of sample have size ranges of: elementary districts
from 49 to 9, 733 pupils; secondary districts from €3 to 9,000, and unit

districts from 111 te 32, 000 pupils.

THE MATHEMATICAL ANALYSIS

The "economy and diseconomy" concept assumes that a curvilinear
relationship exists between size and cost. High costs are usually associated
with both small districts and very large ones, with minimal costs for those
districts in-between. To determine whether this assumption holds the
analysis utilized three tools:

1. The graphic method. This method was used only to visually
determine whether the cost-size relationship does depart from linearity.
This method was performed by classifying the school districts in the
sample into size groups and computing the averages of these size groups.
The averages were then plotted on ordinary graphing paper.

2. The statistical approach. This process was performed by
fitting the "best fit" curve on the data. Mathematically, curvilinear
relationships can be expressed by many equations. iowever, the theoret-

ical construct upon which this study was based suggested the concave



parabola as a model of the cost-size relationship. This sirnple parabola

is defined by the equation ¥ =a - bX + cXZ. This curve has two character-
istics: (1) The curve is always symmetrical on both sides of the lowest
poi.it-~the point where it stops going down and starts to turn up. The

curve could then be cut into halves at the point of turning upward; one half
would be the mirror-image of the other. (2) The curve has only one chaﬁge
or inflection point, i.e., from moving downward to moving upward. These
characteristics make the simple parabola not very satisfactory to represent
many types of relationships. However, it has some flexibility in that many
different shaped curves can be represented by some particular arc segments
of the parabola. (Ezekiel and Fox, 1959). Because of these characteristics
other paraboclic functions were also employed which involved the logarithmic
transformations of some of the components of the equation of the simple
parabola. Algebraically, the analysis was performed by polynomial regres-
sions for each curve function up to the second degree order. (Draper and
Smith, 1968). Statistically the parameters were estimated by the least

squares method. The regression equations are as follows:



First degree order Second degree order
1. Y=a+bX Y=a+bX+cX2
2. Y =a +blogX Y =2 + blogX + c(logX)2
3. logY =loga + blogX logY =loga + blogX + c(logX)2
4. logY =loga +DbX logY =loga + bX + cX2

where: Y =the dependent variable, cost
X =the independent variable size (ADA)
a = the constant term {intercept value)
b =the regression coefficient of the linear function
¢ =the regression coefficient of the guadratic function
The polynomial regression was employed so that both the linear
and quadratic functions could be fitted to the data. The quadratic fit could
then bé compared to the linear fit to determine whether the quadratic
function was a significant improvement over the linear function, The F-test
employed to determine the improvement of fit is defined by the equation

(Volk, 1958}):

f/mn) " TES -

where: SSd =the sum of squares due to reyression of the
second degree order

5547 =the sum of squares due to regression of the
first degreec order

« .
539 = the sum of squares about regression of the

second degree order

n = the nunber of items in the sample

it



The shape of the curve will depend on the signs of the regression
coefficients. If the value of the b ccefficient is negative and the value of
the ¢ coefficient is positive tiie curve will be concave from above. If the
value of b is positive and the ¢ is negative the shape of the curve will be
convex.

To determine which parabolic function best fits the data the indexes
of correlation and determination were compared. The parabolic function
that provided the highest indexes of correlation was used to describe the
relationship between size and cost. An F-test was employed to determine
whether the indexes of determination (Rz) are significantly different than

zerc. The test is defined by the equation (McNemar, 1968):

RZ/ m

1-r%) /(N-m-D)

F =

where: R2 = the index of determination

m = the number of paranieters (regression
coefficients)

N =the number of cases in the sample
3. The calculus application. In order to find the "optimum"
size district relative to costs the first derivative of the {unction
Y=a+bX+ cX2 was taken which is b + 2¢X. Setting the first derivative
equal to O and solving for X, the inflection point of the parabolic function
will be determined by dividing the linear coefficient (b) vy twice the value

of the quadratic coefficient (c).
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LIMITATIONS Of Tiilk DESIGN

The study limited itself to the analysis of the relationship of
district size and school expenditure, per se. The cost variable was not
weighted nor analyzed for what it "buys" in terms of school programs
the districts in the sample offer. Of the factors that could influence
school expenditure in the district only one, the "wealth" of the district in
terms of assessed valuzation, was considered.

The quadratic function that was utilized in the analysis adequately
described the relationship between size and cost, but a better relationship

may be fully expressed by a more complex curve function.

RESULTS OF THE ALGEBRAIC ANALYSIS

The results of the least square regression show that of the four
parabolic functions used in the analysis, the equation that appears to best
fit the data for the three forms of cost variable is Y =a - blogX + c(logX)z.
The relationship of the cost-residual and size for the high school district,
however, is best described by the equation 1ogY = loga - blogX + c(logX)Z.
These equations provided the highest indexes of correlation and determin-
ation and were found to be significantly different than zero at the . 01 level
of significance (Table 1).

For all cost variables and for all types of districts the parabolic

function was a better fit to the dala than the linear function {{ables 2, 3, & 4).

[
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Graphs of the functicns are provided in Figures 1, 2, & 3.

PRINCIPAL FINDINGS

1. The "economy and diseconomy of scale" concept, as it applies
to school operation was fully supported. It was evident that as the size of
enrollment increased school expenditure decreased up to a certain point in
the size continuum. When the enrollment exceeded this point per pupil
costs start to climb,

2. The unit school district experiznces economies of scale through
a much greater segment of the size continuum than the elementary and
sccondary districts.

3. Size of the district in terms of pupil enrollment in ADA influence{
per pupil cost with or without holding constant the effects of the assessed
valuation upon costs.

4, About 98 per cent of the variation in administrative cout per
pupil is explained by the size of the unit district, while only 15 and 23 per
éent are exp.ained by size of the elementary and secondary school districts,
respectively. It was also shown that the nnit district expei’iences economies
of scale on administrative costs through a greater segment of the size
speztrum than the dual element.;y and secondary districts.

5. The regression and calculus analysis of the three forms of
cost variables with size have established the following minimum-optimum-

maximum size values for economic efficiency:
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a. Gross exyenditure on size,

(1) Elementary district - minimum 250; optimum 750;
and maximum 3, 000 ADA.

(2) Szcondery district - minimum 175; optimum £600; and
maximum 2, 000 ADA.

{3) Unit district - minirium 1, 000; optimum 5, 000; and
maximurn 35,000 ADA.

b. Cost-residual on size.

{1) Elementary district - minimum 185; optimum 500; and
maximum 1,500 ADA.

(2) Secondary district - minimum 180; optimum 500; and
maximum 2,000 ADA.

(3) Unit district - minimum 400; optimum 12, 500; and
maximum &3, G0N ADA.

c. Administrative cost on size.

(1) Elementary district - minimum 400; optinmum 7, 500;
and maximum 20, 000 ADA.

(2} Secondary district - minimun. 420; optimum 2, 500; and
maximum 12,000 ADA.

(3) Unit district - minimwmn 1, 000; optimum 8, 000; and
maximum 40,C00 ADA.

8. The contention that it will be more economical to operate a
unit district than to operate elementary and secondary school districts
cf comparable size to the unit district was verified provided that the size
of the unit district is al that level were the least-cost-combination of the
unit district is less than those of the dual elementary and secondary

districts combined. This enrollment level for the unit distriet in Illinois
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was 1,500 ADA. As enroliment size increase from this level, estimates
of per pupil cost for the unit district become consistently less when com -
pared with estimates for the elementary and secondary districts of compar-
able size to the unit district. The difference becomes more pronounced the

larger the unit district becomes until the optimum size is reached.

CONCILUSION

It can be concluded that on the basis of per pupil expenditures the
unit districts are enjoying more of the benefits of economies of scale
(least-cost-combination) than dual elementary and secondary districts,
In Illinois there are quite 2 number of small and large elementary and
secondary districts that can be considered to be operating in "diseconomy".
This could be eliminated by reorganizing the aual districts into unified
districts (K-12) of Sufﬁciént size to benefit from the least-cost-combination.
Likewise, there are small unit districts that should be reorganized into
larger units. r optimum efficlency the unit district should be organized
with 5,000 ADA where feasible, A larger optimum size could be set at
12, 500 ADA and a maximum of 20,000 ADA in areas where the population
warrants. Each state department of education should conduct its own size
studies. There is good reason to believe that the "optimum" size in one
state is not necessarily the "oplimum" size in another state. However,
the methodology illustrated in this paper should be applicable to most

studies which focus on questions of "optimmum size",
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TABL® 2

F=VAIULS FOR THzn T28T OF S3IGUIFICAICE OF THE

THDSKAS 0 DETBRMINATION®

o et e

Index
of peter, F-Value
(82)
‘ Gross Exvondituro

Equation: Y, = a - blogX + c{logi)?
Elementary District » 17060 10.39b
Secondary Disitrict .1332 ?.uéb
Unit Distrioct 1821 8.70°
Cost-Residual
Equetion: d = a = blogX + o{logX)?
Blemontary District . J1249 7,700
Unit District 11296 7.22°
Equation: loid = a - blopX + c(log;)’.)2
Secondary District Sl 8.19b
Administrative Cost
Bquation: Y, = a ~ blogX + c(lopx)2
Elementary District L2301 14, 53P
Socondary Digtrict 1522 8.71°
Unit District .56l 68,270

876 be sipgnificant with 2 derrees of froedom in the
numerator and 97 degrocs of frocdom in tho denominator F 0% =
.

3,093, F o = L4829,

bSignificant ot {ho .01 Jovel,

(Y
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size of enrollment in ADA
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8cost expressed in dollars per ADA above or below the meon of the zcmple.




